1. Let/(0 be a function which is integrable in the sense of Lebesgue over the interval (-ir, ir) and is defined outside this interval by periodicity. Let the Fourier series of f(x) be then the conjugate series of (1.1) is eo oo (1.2) 22 (bn cos nx -an sin nx) = 12 Bn(x).
n-l 1
Fejèr [3, p. 62] has shown that if /=/(x+0) -fix -0) exists and is finite, the sequence {«F>"(x)} is summable (C, r), r>l, to the value l/ir; and if/ is of bounded variation, the theorem holds true for r>0. It has also been proved that if I exists and is finite, the sequence {nB"ix)} is summable by the first logarithmic mean to the same value [3, p. 62].
Obrechkoff [2 ] has shown that if/is integrable (L) and if i_1|/(x+1)
-fix -t)-l\ is integrable near t = 0, then n~x12" r5,-(x)-nr-1/. Mohanty and Nanda [l ] have proved that if fix + t) -fixt) -1 = o{(log Í/Í)-1} as <->0
and a" and bn are 0(«~s), 0<5<1, then the sequence {w.B"(x)} is summable (C, 1) to the value //ir. From this result they have deduced the Hardy and Littlewood's test for convergence of the conjugate series (1.2) by applying a Tauberian theorem of Hardy and Littlewood.
We write m = /(* +1) -fix -t)-i. It is to be noted that Obrechkoff has proved the summability (C, 1) of the sequence \nBn(x) ] under Dini's criterion for the convergence of Fourier series while from Fejèr's result it is obvious that the sequence is also summable (C, 1) under Jordan's criterion. In Theorem 1, we prove the same result under Lebesgue's criterion. As it is well known that Lebesgue's test includes both Dini's and Jordan's tests, Theorem 1 includes the above mentioned results of Obrechkoff and Fejèr.
I am much indebted to Dr. M. L. Misra for his kind interest and advice in the preparation of this paper.
2. We shall require the following lemmas:
*/n t2 J r/n t(t + ir/n) and \p(t) satisfies (1.3), then
We have
which proves the lemma. We shall now deduce Theorem 2 as a corollary of Theorem 1 by employing the following Tauber's Second Theorem. If ^un is summable (A), then a necessary and sufficient condition that it should be convergent is that the sequence \nun\ is summable (C, 1) to the value zero.
